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A genera l  numer ica l  me thod  i s  desc r ibed  fo r  the  so lu t ion  o f  
l i n e a r  e l l i p t i c  a n d  p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s 
i n  t h e  p r e s e n c e  o f  b o u n d a r y  s i n g u l a r i t i e s .   T h e  me t h o d  i s  
s u i t a b l e  f o r  u s e  w i t h  e i t h e r  a  f i n i t e — d i f f e r e n c e  o r  f i n i t e  
e l e me n t  s c h e me .   M o d i f i e d  a p p r o x i ma t i o n s  f o r  t h e  d e r i v a t i v e s  
a r e  d e v e l o p e d  u s i n g  t h e  l o c a l  a n a l y t i c a l  f o r m  o f  t h e  
s i n g u l a r i t y .  G e n e r a l  g u i d e l i n e s  a r e  g i v e n  s h o w i n g  h o w  t h e  
l o c a l  a n a l y t i c a l  f o r m c a n  b e  f o u n d  a n d  h o w  t h e  mo d i f i e d  
approximat ions  can  be  deve loped  for  many problems of  
ma t h e ma t i c a l  p h y s i c s .   T h e s e  g u i d e l i n e s  a r e  b a s e d  o n  t h e  
r e d u c t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  t o  t h e  f o r m Δu  =  g u  +  f .  
The potent ia l  problem treated by Motz and Woods is  taken as  a  
numerical  example.   The numerical  results  compare favourably 





1. I n t r o d u c t i o n
 
The problem of boundary singularities in the numerical solution of 
e l l ip t ic  and  parabol ic  par t ia l  d i f fe ren t ia l  equa t ions  has  rece ived  
a  grea t  dea l  o f  a t ten t ion .  These  s ingular i t i es  a r i se  when sudden  
changes occur  e i ther  in  the direct ion of  the  boundary,  as  a t  a     
re-entrant corner,  or they may be associated with mixed boundary 
condi t ions .   Such s ingular i t ies  are  found in  a  wide var ie ty  of  
physical  problems e .g .  s t ress  analysis  in  regions with  cracks,  
discont inui t ies ,  point  sources  e tc .  [8 ,14,43] ,  f low around an 
obstacle [18], seepage through a dam [l],  heat flow, diffusion or 
potential problems in regions with re-entrant corners,  electrodes, 
heat sources or sinks [3-7,11-15,19-25,27,30-39,42]. 
 
Analytical solutions based on separable-variable or integral transform 
techniques are available for infinite or semi-infinite regions with 
relatively simple governing equations (usually Laplace's) and boundary 
conditions [25,27,30].  However such solutions are, in general, 
difficult to obtain for finite regions with more complicated equations 
and boundary conditions and so numerical solutions are considered. 
 
It will be shown later how the field gradients become unbounded at 
such singularities.  This property means that standard numerical 
approximations using a uniform mesh for the derivatives in the governing 
differential equation are highly inaccurate at and near the singularity. 
For example, consider the usual five-point finite-difference 


















∂+Δ=Δ   (1.1) 
 
where h is the mesh length in both the x and y directions. The usual 
assumption that terms of order h2 are negligible is no longer true 
because unbounded derivatives exist near the singularity.  For similar 






t h e  l i m i t  a r e  d i f f i c u l t  t o  a p p l y  n e a r  s u c h  s i n g u l a r i t i e s .   A l t h o u g h  
the  e r ro r s  d ie  away  wi th  d i s t ance  f rom the  s ingu la r i ty  ( the  ra te  a t  
which they die away depending on the neighbouring boundary conditions),  
t h e i r  e f f e c t s  s p r e a d  t h r o u g h o u t  t h e  e n t i r e  r e g i o n .   T h i s  i s  c a l l e d     
the  ' po l lu t ion  e f fec t '  by  Babuska  and  Aziz  [2 ] .  
 
Special numerical schemes have been devised to obtain accurate   
solutions without a large amount of computation, the two most popular 
methods being: 
 
I  -  mesh ref inement  near  the s ingular i ty  [7 ,12,19,32,36,39] ,  
 
I I  -  modif ied approximations to  the governing different ia l  equat ion 
a n d  i t s  s o l u t i o n  n e a r  t h e  s i n g u l a r i t y ,  e . g .  a s  i n  t h e  M o t z   
method [3-6,8,11,14,15,17,21,35,37,42,43]. 
 
E i the r  method  may  be  pa r t  o f ,  and  dove ta i l s  r ead i ly  in to ,  a  g loba l  
f i n i t e - d i f f e r e n c e  o r  f i n i t e  e l e me n t  s c h e me .   I n  me t h o d  I I ,  t h e  
s tandard approximations near  the s ingular i ty  are  replaced by modif ied 
approximat ions  based  on  the  loca l  ana ly t ica l  form of  the  s ingular i ty .  
Such  forms  requi re  some pr ior  ana lys i s  bu t  usua l ly  a re  read i ly  
available in the form of an asymptotic expansion by separable—variable 
[4 ,17,28,43]  or  complex var iable  [20,22,40,41]  techniques.   Al though 
method  I  i s  computa t iona l ly  ine f f i c ien t  r e la t ive  to  method  I I ,  s ince  
t h e  o r d e r  o f  t h e  m a t r i x  i s  i n c r e a s e d ,  i t  i s  a  v i a b l e  a l t e r n a t i v e  i n   
t h a t  n o  k n o w l e d g e  o f  t h e  f o r m o f  t h e  s i n g u l a r i t y  i s  r e q u i r e d  a n d    
any symmetry or  banding present  is  preserved.   Ei ther  method can be 
used  i f  more  than  one  s ingular i ty  i s  p resen t  as  long  as  the  s ingular i t i es  
a re  fa r  enough apar t ,  o r  the  mesh  i s  f ine  enough,  for  the  e f fec t  o f  one  
s ingular i ty  on another  to  be negl igible .  
 
Al te rna t ive  methods  based  on  conformal  t r ans format ions  [23 ,24]  
modi f i ed  in tegra l  equa t ions  [31] ,  modi f i ed  co l loca t ion  [29] ,  power  
ser ies  [22] ,  dua l  se r ies  [38] ,  and  removal  of  the  s ingular i ty  [34 ,40-42]  
have been proposed.  The most promising of these is the conformal 
transformation method which has proved to be highly accurate and 
e f f ic ien t  for  the  so lu t ion  of  e l l ip t ic  problems in  s imply-connec ted  





i s  l i m i t e d  t o  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  r e m a i n  i n v a r i a n t  u n d e r  
c o n f o n n a l  t r a n s f o r m a t i o n s ,  e . g .  L a p l a c e ' s  e q u a t i o n  i n  C a r t e s i a n    
c o - ordinates .  
 
Appl ica t ion  o f  the  above  methods  has  been  res t r i c ted ,  fo r  the  mos t  










iκ     (1 .2 )  
 
where   o r  -1 ,  and  u ,g , f  a re  func t ions  o f  x1,0i =κ i  on ly .   Couran t     
and Hilber t  [10] ,  wi th  la ter  work by Sankar  [28] ,  have given a  general  
t echnique  for  reduc ing  the  genera l  l inear  d i f fe ren t ia l  equa t ion  of  

















kiA   (1 .3 )  
 
A i k ,  B i ,  C ,  D  a re  func t ions  o f  X i  a lone ,  to  the  s imple  fo rm (1 .2 ) .  
T h i s  i s  v a l u a b l e  i n  t h a t  a v a i l a b l e  t e c h n i q u e s  fo r  e q u a t i o n s  o f  t h e  
fo rm (1 .2 )  can  now be  used .   In  pa r t i cu la r ,  the  genera l  separab le -
var iable  technique of  Fox and Sankar  [17] ,  which gives  the asymptot ic  
expansions needed by method II  for  equat ions of  the form (1.2) ,  can 
now be used.  Also,  work is in progress on extending the conformal 
t ransformat ion  techniques  to  equa t ions  of  the  form (1 .2) ,  see  [19] ,   
and  so  th i s  method  in  conjunc t ion  wi th  the  above  reduct ion ,  wi l l  then  
be  capab le  o f  dea l ing  wi th  genera l  equa t ions  o f  the  fo rm (1 .3 ) .  
Fur the r ,  the  invar iance  o f  the  l e f t -hand  s ide  o f  (1 .2 )  under  conformal  
t ransformations means that  method II  can be extended to  cover  curved 
boundar ies  by  conformal  t ransformat ions  to  s t ra igh t  l ine  boundar ies .  
 
In  the fol lowing sect ions a  new way of  developing the modif ied 
approx imat ions  fo r  method  I I  fo r  d i f fe ren t i a l  equa t ions  o f  e l l ip t i c   
and parabol ic  type is  given.   The method differs  f rom avai lable  methods 
o f  type  I I  in  tha t  modi f i ed  approx imat ions  fo r  the  de r iva t ives  in  the  




equations for the solution values as originally used by Motz [21]. 
General equations of the form (1.3) are first  reduced to the form 
(1.2) in order to take advantage of the points mentioned above and   
to keep the number of derivative approximations to a minimum.  The 
method is applied to the potential problem of Motz [21] and Woods [42]. 
First, a discussion of how the separable-variable technique can        
be used to find the local form of the singularity for a wide range   
of practical problems of mathematical physics is given. 
 
2.  Local analytical  forms for boundary singulari t ies
 
In this section local analytical forms for the solution of general 
l inear second order differential equations of elliptic and parabolic 
type for general boundary conditions are developed. The solutions  
are obtained in the form of asymptotic expansions using separable-
variable techniques rather than complex variable ones since the 
la t te r ,  a l though usefu l  for  ana ly t ica l  p roper t ies  such  as   
existence [20,22,40,41], are more complicated to apply in practice. 
 
Consider,  f irst ,  equation (1.2) in the Cartesian co-ordinates (x,y) 
with  a  s ingular i ty  a t  the  point  (a ,b)  on the boundary.   In  local  
polar co-ordinates ),( θρ  centred on the singularity, θρ+= cosax  
and  equation (1.2) with ,sinby θρ+= 121 =κ=κ  is 
 









∂     (2.1) 
 
If a separable-variable solution of the form 
 ( ) )(Θ θρ=θρ )(R,u     (2.2) 
 
is sought then, for the case f = g = 0, one obtains the following 
harmonic forms of the singularity corresponding to the point where   
two straight-line boundary segments θ = 0 and θ = ω meet with 














kc),(u ,  c k  a re  a rb i t r a ry  cons tan t s ,  (2 .3 )  
(ii) for 0u =θ∂










kc,u  ,     (2 .4 )  
( i i i )  fo r  0u =θ∂
∂  on  θ  = 0 and u  =  0  on  θ  = ω  ,  












kc,u .   (2 .5 )  
I f  t h e  c o n d i t i o n s  i n  ( i i i )  a r e  i n t e r c h a n g e d  t h e n  t h e  c o s i n e  f u n c t i o n  
i n  ( 2 . 5 )  i s  r e p l a c e d  w i t h  t h e  s i n e  f u n c t i o n .   T h e  a b o v e  f o r ms  a r e  
on ly  va l id  p rov ided  tha t  any  o the r  s ingu la r i t i e s  a re  fa r  enough  away  
f o r  t h e i r  e f f e c t  t o  b e  a s s u m e d  n e g l i g i b l e .  F o r  c a s e s  ( i )  a n d  ( i i ) ,   
by  cons ide r ing  the  k  =  1  t e rms ,  i t  can  be  seen  tha t  θ∂
∂ u  i s  in f in i t e      
a t  ρ  =  0  f o r  ω  >  π  ( r e - e n t r a n t  c o r n e r ) .   S i m i l a r l y  f o r  ( i i i ) ,  b y  




∂ i s  i n f i n i t e  a t  ρ  =  0  f o r  ω  >  π / 2 ,     
i .e .   even for  obtuse ω .  
 





n)(ng,g      (2 .6 )  



























a r e  g iven  i n  Fox  and  Sanka r  [ 17 ] .     Fo l l owing  Fox  [16 ] .  These  
r e s u l t s  ma y  b e  s u mma r i s e d  a s  
,
1i
),(iic),(u 0 ∑∞= θρφ+θρφ=     ( 2 . 8 )  
w h e r e  t h e   a r e  a r b i t r a r y  c o n s t a n t s .   E a c h  ic ),(i θρφ  i s  a  l i n e a r  
c o mbi n a t i o n  o f  t e r ms  l i k e  
      { } ,)(i,B)(i,A)n1(ior)(i,Ai θα+θαρ+αρθα+αρ    ( 2 . 9 )  
w h e r e  α  i s  f o u n d  b y  f i t t i n g  ( 2 . 7 )  a n d  d e p e n d s  o n  n ;   A ,  B  a r e  
t r igonometr ic  te rms  obta ined  f rom a  sequence  of  ord inary  d i f fe ren t ia l  
e q u a t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s  e . g .  f o r  t h e  f i r s t  o f  ( 2 . 9 ) ,  






















The presence of  a  non-zero f  in  (2 .1)  merely adds known terms to  
(2 .8) .  
 















∂     (2.11) 
for  boundary condi t ions of  the form (2.7)  has  been t reated by 
Bel l  [4]  by seeking solut ions of  the form 
,),(W)()(Rteu
2 θρ+θθρλ= −     (2.12) 
whe re  W(ρ ,θ )  r e p r e s e n t s  t h e  s t e a d y  s t a t e  s o l u t i o n .  
7. 
 
F o r  mor e  g e n e r a l  e l l i p t i c  a n d  p a r a b o l i c  e q u a t i o n s  o f  t h e  fo r m ( 1 . 3 )  
t h e  a b o v e  t e c h n i q u e s  c o u l d  b e  e x t e n d e d  t o  c o v e r  t h e  f i r s t  o r  c r o s s  
de r i va t i ve  t e rms  e . g .  s e e  Sanka r  [ 28 ]  o r  Zak  [43 ] .   How eve r  t he  
p r e s e n c e  o f  s u c h  t e r m s ,  p a r t i c u l a r l y  i f  n o n - c o n s t a n t  c o e f f i c i e n t s  
a re  a l so  p resen t ,  cons ide rab ly  compl ica tes  the  cor responding  po la r  
c o - o r d i n a t e  e q u a t i o n  a n d  t h e  s e q u e n c e  o f  e q u a t i o n s  f o r  t h e  f u n c t i o n s  
o f  θ  i n  ( 2 . 9 ) .  A  more  c onven i en t  w ay  o f  p roceed i ng  i s  t o  r educe     
the  genera l  equa t ion  (1 .3)  to  the  s impler  form (1 .2)  by  t ransformat ions  
o f  the  co-ord ina tes   and  o f  the  unknown func t ion  U to  u  and  iXtoiX
t h e n  s e e k  a  s e p a r a b l e - v a r i a b l e  s o l u t i o n .   F i r s t ,  ( 1 . 3 )  i s  r e d u c e d  



















   (2.13) 
whe re   and   a r e  f unc t i ons  o f  ,  by  t he  ,1or1,0i −=K d,c,ib ix
t r a n s f o r ma t i o n  o f  c o - o r d i n a t e s  
.n,...,2,1i,)nX,...,X,X(ixix 21 ==   (2.14) 
In  this  form equat ion (1.3)  can readi ly  be class i f ied,  see Riz  [26] .  
Equat ion (1.3)  is  e l l ipt ic  i f  in  (2 .13)  a l l  the   are  non-zero and iK
of the same s ign (ei ther  +1 or  -1) ,  hyperbol ic  i f  a l l  the   are  iK
non-zero and one  is  of  opposi te  s ign to  the res t ,  parabol ic  i f  iK
one or  more of  the  are  zero.  iK
The condi t ion for  this  change of  co-ordinate  system can convenient ly  
be expressed in  terms of  tensor  calculus  for  the n-dimensional  space 
nV  cor responding  to  the  co-ord ina tes .   The  cond i t ion  i s  tha t  the  
space  be f la t  for  which the necessary and suff ic ient  condi t ion       nV
is  tha t  the  Riemann-Chr i s to f fe l  (o r  curva tu re )  t ensor  be  iden t i ca l ly  
ze ro ,  see  Sankar  [28] .   In  the  two  d imens iona l  case  the re  i s  jus t      
one  cond i t ion  s ince  the  res t  o f  the  componen ts  o f  th i s  t ensor  a re    
z e r o .   A l s o ,  i n  t h i s  c a s e ,  t h e  s i m p l e r  a l g e b r a  e n a b l e s  t h e  c o n d i t i o n  
to  be  de r ived  f rom f i r s t  p r inc ip les   e .g .  in  the  e l l ip t i c  case  wi th  D =  
B1  = B2  = C = 0,  A1 2  = A2 1  in  (1 .3) ,  i t  g ives  r ise  to  the Bel t rami 
8 .  
 
d i f f e r e n t i a l  e q u a t i o n s  f o r  x 1  and  x 2  


















































 whe re  W= 2121211 AAA − .  (2.15) 
T h e  d e r i v a t i o n  a n d  s o l u t i o n  o f  ( 2 . 1 5 )  i s  g i v e n  i n  C o u r a n t  a n d  
H i lbe r t  [ 10 ,  Ch . I I I  and  p .350 ] .  
 








    (2.16) 









= ∑ ∫      (2.17) 
w h i c h  r e m o v e s  t h e  f i r s t  d e r i v a t i v e  t e r m s  i n  ( 2 . 1 3 ) .   A  s i m i l a r  
t r an s fo rma t ion  was  g iven  by  Couran t  and  H i lbe r t  [ 10 ,p .183 ]  f o r  
t h e  c a s e  w h e n  t h e   a r e  c o n s t a n t .   I n  t h e  p a r a b o l i c  c a s e  t h i s  ib
t r a n s f o r ma t i o n  c o r r e s p o n d s  t o  t h e  r e mo v a l  o f  t h e  e x p o n e n t i a l    
t i m e  t e r m  a s  i n  ( 2 . 1 2 ) .   T h e  f o l l o w i n g  e x a m p l e s  i l l u s t r a t e  t h e  
u s e  o f  t h e  t r a n s f o r ma t i o n s  ( 2 . 1 4 )  a n d  ( 2 . 1 7 ) :  
 












∂   ,      (2.18) 
f o r  t h e  e l l i p t i c  c a s e  x  >  0 ,  t o  t h e  c a n o n i c a l  f o r m  ( 2 . 1 3 )  b y  t h e  





1 =−=     (2.19)  
9. 
 
G iv ing   




















   .    (2.20) 
T r i c o mi ' s  e q u a t i o n  i s  o f  s p e c i a l  i n t e r e s t  i n  h i g h  v e l o c i t y  g a s  
f l ows  [9 ] .  
 





















    ,     (2.21) 
t o  t he  fo rm (2 .16 )  by  t he  u se  o f  t r an s fo rma t ion  o f  unknown  func t i on  
   Ukxu 21=  ,      (2.22) 




















∂  .     (2.23) 
T h e  c a s e  k  >  0  r e p r e s e n t s  t h e  f a mi l y  o f  a x i a l l y  s y mme t r i c  p r o b l e ms  
d i s c u s s e d  i n  C r a n k  a n d  F u r z e l a n d  [ 1 1 ] .   T h e  c a s e  k  <  0  r e p r e s e n t s  
a x i a l l y  s y mme t r i c  f l o w  p r o b l e ms  w h e r e  U  i s  t h e  s t r e a m fu n c t i o n .   I n  









∂  t e r m i n  ( 2 . 2 3 ) .  
( i i i )  M o r e  c o mpl i c a t e d  e q u a t i o n s  ma y  r e q u i r e  b o t h  t r a n s fo r ma t i o n  o f  




















∂   ,    (2.24) 
w h i c h  a r i s e s  i n  t h e  v o r t e x  t h e o r y  o f  s c r e w  p r o p e l l o r s ,  n e e d s  b o t h  
t r a n s f o r m a t i o n s ,  s e e  F o x  a n d  S a n k a r  [ 1 7 ] .   T r i c o m i ' s  e q u a t i o n  c a n  
b e  r e d u c e d  t o  ( 2 . 2 3 )  i f  b o t h  t r a n s f o r ma t i o n s  ( 2 . 1 9 )  a n d  ( 2 . 2 2 )  a r e  
u sed .  
10 .  
 
 




∂  ,      (2.25) 
w h e r e   a r e  f u n c t i o n s  o f  ,   i  =  1 ,  2 ,  . . . ,  n ,  a r e  h a r d e r  t o    iQ,iP ix
d e a l  w i t h  s i n c e  s e p a r a b l e - v a r i a b l e  s o l u t i o n s  o f  t h e  f o r m ( 2 . 9 ) ,  a n d  
w h i c h  f i t  ( 2 . 2 5 ) ,  a r e  h a r d e r  t o  f i n d .   I n  s u c h  c a s e s  t h e  e x p o n e n t i a l  
t r a n s  f o r ma t  i o n  
{ }∫= idxiPexpUu   ,     (2.26) 




∂  ,       (2.27) 
h o w e v e r  t h i s  t r a n s f o r ma t i o n  a d d s  c o r r e s p o n d i n g  f i r s t  d e r i v a t i v e  
t e r ms  t o  t h e  g o v e r n i n g  e q u a t i o n .   T h u s  f o r  t h i r d  b o u n d a r y  v a l u e  
p r o b l e ms  t h e  s e p a r a b l e - v a r i a b l e  s o l u t i o n  h a s  t o  b e  f o u n d  f r o m 
e q u a t i o n s  o f  t h e  f o r m  ( 2 . 1 3 ) ,  w h i c h  c o n t a i n s  f i r s t  d e r i v a t i v e  
t e r m s ,  r a t h e r  t h a n  f r o m  e q u a t i o n s  o f  t h e  f o r m  ( 2 . 1 6 ) .   C o n v e r s e l y ,  
i f  o n e  i s  t r e a t i n g  p r o b l e m s  w i t h  d e r i v a t i v e  b o u n d a r y  c o n d i t i o n s ,  
a n d  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 2 . 1 3 )  c o n t a i n s  f i r s t  d e r i v a t i v e  
te rms  wi th  respec t  to  the  same var iab le  tha t  appears  in  the  der iva t ive  
boundary  condi t ion ,  then  the  exponent ia l  t ransformat ion  (2 .17)  cannot  
be  used  s ince  i t  would  t ransform the  boundary  condi t ion  to  the  type  
( 2 . 2 5 ) .  
 
Non- l inear  d i f fe ren t ia l  equa t ions  or  non- l inear  boundary  condi t ions  
canno t  be  dea l t  wi th  us ing  the  t echn iques  o f  th i s  sec t ion  un less     
some transformation or approximation to linear form is used. For example 

















∂   ,    (2.28) 
w h e r e  ρ  i s  a  f u n c t i o n  o f  t h e  f i r s t  d e r i v a t i v e s  o f  U ,  c a n  b e  
l i n e a r i s e d  b y  a  h o d o g r a p h  t r a n s f o r ma t i o n  [ 9 ] .  
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3 .    D e v e l o p me n t  o f  mo d i f i e d  a p p r o x i ma t i o n s  n e a r  t h e  s i n g u l a r i t y  
 
C o n s i d e r ,  f o r  e x a m p l e ,  t h e  t w o - d i m e n s i o n a l ,  e l l i p t i c  c a s e  o f  ( 1 . 3 )    
a n d  a s s u m e  t h a t  i t  i s  o f  s u c h  a  f o r m  t h a t  i t  c a n  b e  r e d u c e d  u s i n g  












∂  ,     ( 3 . 1 )  
w h e r e  t h e  t r a n s f o r ma t i o n  b e t w e e n  U  a n d  u  i s  g i v e n  b y ,  s a y ,  
U  =  L [u ]  .         ( 3 . 2 )  
A s s u me  t h a t  a n  a n a l y t i c a l  s o l u t i o n  o f  t h e  f o r m ( 2 . 8 ) ,  v a l i d  n e a r   
t h e  b o u n d a r y  s i n g u l a r i t y  a t  t h e  p o i n t  0 ,  h a s  b e e n  f o u n d .  T a k i n g   
t h e  f i r s t  N  t e r m s  o f  ( 2 . 8 )  a n  a p p r o x i m a t i o n  f o r  u ,  v a l i d  n e a r  0 ,  




),(iic),(),(*u 0  ,     ( 3 . 3 )  




),(iic),()],(*u[L),(*u 0  .    ( 3 . 4 )  
I n s t e a d  o f  a p p l y i n g  s t a n d a r d  f i n i t e - d i f f e r e n c e  o r  f i n i t e  e l e m e n t  
approx imat ions  th roughout  the  en t i re  r eg ion  a  ne ighbourhood  N(0)  
n e a r  t h e  s i n g u l a r i t y  i s  c h o s e n  a n d ,  f o r  p o i n t s  i n  N ( 0 ) ,  m o d i f i e d  
a p p r o x i m a t i o n s  f o r  u  a n d  i t s  d e r i v a t i v e s  i n  ( 3 . 1 )  a r e  d e v e l o p e d  
w h i c h  t a k e  i n t o  a c c o u n t  t h e  n a t u r e  o f  t h e  s i n g u l a r i t y  a n d  t h e s e    
a r e  i n  t u r n  r e l a t e d  t o  U  v a l u e s  i n s i d e  N ( 0 ) .   T h e  d e r i v a t i v e s  a r e  




























































12 .  
 
where  approx imat ions  fo r  the  ρ  and  θ  de r iva t ives  a re  ob ta ined  by  
d i f f e r e n t i a t i n g  ( 3 . 3 ) .   T h u s  a p p r o x i m a t i o n s  f o r  ( 3 . 5 )  a n d  ( 3 . 6 )  
c a n  b e  e x p r e s s e d  a s  





























w h e r e  M  i s  t h e  h i g h e s t  p o w e r  o f  ρ  i n  t h e  ),(i θρφ  o f  ( 3 . 3 )  .  
T h e   a r e  r e a d i l y  f o u n d  b y  f o l l o w i n g  t h e  a b o v e  s t e p s  a n d  t h e  'iw,iw
symmet ry  in  (3 .5 )  and  (3 .6 )  l eads  to  symmet ry  be tween  the   and   iw
'iw  ( s e e  t h e  e x a mp l e  i n  s e c t i o n  5 ) .  
 
The  N unknown cons tan t s   a re  approx imated  by  f i t t ing  (3 .4 )  to  ic
h e  s e t  o f  U  v a l u e s  {  :  j  =  1 ,  2 ,  . . . ,  N }  a t  N  p o i n t s  i n  a n d      jU
near  N(0) .   More  than  N poin ts  can  be  used  i f  a  bes t  f i t  (e .g .  l eas t  
squares)  technique  i s  used .   For  each  poin t  n ,  say ,  in  N(0)           
the  same se t  o f  po in ts  for  the   va lues  can  be  used .  In  th i s  case  }jU{
the  se t  usua l ly  cons is t s  o f  po in ts  jus t  ou ts ide  N(0) ,  -  ca l led  ' fa r '  
po in t *s ,  Motz  [21] ,  Al te rna t ive ly ,  a  d i f fe ren t  se t  o f  po in ts  for     
each  poin t  n  can  be  used .   In  th i s  case  the  se t  usua l ly  cons is t s  o f  
po in ts  sur rounding  the  poin t  n ,  Bel l  and  Crank  [6] .  
 
T h e  p r o p o s e d  me t h o d  i s  a  v a r i a t i o n  o f  t h e  l a t t e r  t y p e  i n  t h a t  a  
d i f f e r e n t  s e t  o f  p o i n t s  i s  u s e d  f o r  e a c h  x  a n d  y  d e r i v a t i v e  f o r    
each  po in t  n .   The  method  i s  i l lus t ra ted  by  deve lop ing  a  modi f i ed  
f i v e - p o i n t  f o r mu l a  f o r  t h e  t y p i c a l  p o i n t  1  i n  N ( 0 ) ,  s e e  F i g u r e  1 .  
F i g u r e  1  
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T o  c o n s t r u c t  a  f i v e - p o i n t  f o r mu l a  t h e  a p p r o x i ma t i o n s  ( 3 . 3 )  a n d  
( 3 . 4 )  a r e  u s e d  w i t h  N  =  3 .   R e f e r r i n g  t o  F i g u r e  1 ,  a n d  d e n o t i n g   
j,j,
*
jU θρ  t o  b e  t h e  c o r r e s p o n d i n g  U * ,  ρ ,θ  v a l u e s  a t  t h e  p o i n t s  
j  =  1  t o  5 ,  t h e n  t h e  mos t  o b v i o u s  c h o i c e  o f  p o i n t s  t o  a p p r o x i ma t e       






∂  i s  t o  u s e          
p o i n t  j  =  1 ,  2 ,  3  i n  t h e  h o r i z o n t a l  d i r e c t i o n .   U s i n g  ( 3 . 4 )  t h i s   






jU 0   ( 3 . 9 )  





2UiBiAic =+++=   ( 3 . 1 0 )  






∂  ,  p o i n t s  4 ,  1  a n d  5  
in  the  ve r t i ca l  d i rec t ion  a re  used  and  the  so lu t ion  i s  deno ted  by  
.3,2,1i,*U'iD*U'iC*U'iB'iAic 514 =+++=   1 1 )  ( 3 .
S u b s t i t u t i n g  ( 3 . 1 0 )  a n d  ( 3 . 1 1 )  i n  ( 3 . 7 )  a n d  ( 3 . 8 ) ,  a n d  u s i n g  ( 3 . 3 )  
w i t h  t h e   g i v e n  b y  ( 3 . 1 0 )  f o r  t h e  t e r m g ( x , y ) u  i n  ( 3 . 1 ) ,  g i v e s ic
the  fo l lowing  f ive -po in t  approx imat ion  fo r  (3 .1 )  a t  the  typ ica l 





















































14 .  
 
The funct ions ,  g and f  are  evaluated at  the  point  (ρi,'iw,iw φ 1 ,θ 1 ) .  
I f  the  or iginal  different ia l  equat ion (1 .3)  is  equivalenced (via     
the  zero r ight-hand s ide)  to  the reduced equat ion (3.1)  then (3.12)  
represents  a  f ive-point  approximation to  the or iginal  equat ion.  
The above technique of  horizontal  and ver t ical  der ivat ive replacement  
i s  based  on  tha t  used  by  Be l l  and  Crank  [6 ]  bu t  i s  a  genera l i sa t ion     
in  that  
( i )    b o t h  d e r i v a t i v e s  a r e  t r e a t e d ,  
( i i )   the  approximat ions  (3 .7)  and  (3 .8)  a re  wr i t ten  in  a  genera l  way  
so  tha t  the  ne ighbour ing  poin ts  chosen  to  approximate  the  need  not  ic
l ie  on  the  same hor izonta l  o r  ver t ica l  l ine .  
General isat ion ( i i )  i s  useful  in  developing higher-order ,  mult i -point  
modif ied approximations by varying the number  of  terms included in  
the t runcated ser ies  expansion and the set  of  neighbouring points  
used for  any one point  in  N(0) .   The neighbourhood N(0)  can include 
points  away from 0 as  long as  the approximations (3 .3)  and (3.4)  
remain val id  ( this  may be checked as  descr ibed in  Motz [21]) .  The 
opt imum size of  N(0)  can be determined by comparison of  the 
discret isat ion error  in  the s tandard approximations used outs ide  
N(0)  with  the t runcat ion error  in  (3 .7)  and (3.8) ,  see  sect ion  5 .  
The  f ive-poin t  approximat ion  (3 .12)  could  be  incorpora ted  in  e i ther  
a  f in i t e -d i f fe rence  o r  f in i t e  e lement  scheme.   An  equ iva len t  f in i t e  
e lement  approximation can be developed by the use of  equat ions 








∂  in  the  
var ia t ional  formulat ion corresponding to  (3 .1) .   For  example,  in  the 
solut ion of  the problem of  Motz considered in  sect ion 5,  both 
Barnhi l l  and Whiteman [3]  and Wait  and Mitchel l  [35]  used the 
var ia t ional  funct ional  



















 ,   (3.14) 
w h e r e  R  i s  t h e  c l o s e d  r e g i o n  u n d e r  c o n s i d e r a t i o n .  
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F i v e - p o i n t  'mo l e c u l e s '  d i f f e r i n g  f r o m t h e  o n e  g i v e n  i n  F i g u r e  1     
a re  needed  for  po in ts  in  N(0)  which  involve  the  boundary .   Two 
p r o b l e m s  c a n  a r i s e ,  t h e  f i r s t  i s  t h a t  s o m e  o f  t h e  f i v e  p o i n t s  
r equ i red  may ,  depend ing  on  the  geomet ry  o f  the  p rob lem,  l i e  ou t s ide  
t h e  r e g i o n  o f  s o l u t i o n ,  a n d  t h e  s e c o n d  i s  t h a t  t h e  v a l u e s  o f  ),(i θρψ   
a t  t h e  p o i n t  )j,j( θρ  m a y  a l l  b e  z e r o  ( e . g .  i f  i n  ( 2 . 5 ) ,  θ  =  ω  =  π )   
s o  t h a t  s o l u t i o n s  t o  ( 3 . 9 )  fo r  t h e  c a n n o t  b e  f o u n d .   T h e  r e me d y   ic
f o r  b o t h  p r o b l e ms  i s  s i mp l y  t o  c h o o s e  a l t e r n a t i v e  p o i n t s  n e a r )j,j( θρ   
g iv ing  a  new f ive -po in t  molecu le ,  e .g .  see  sec t ion  5 ,  F igures  4 -6 .  
 
4 .    D i s c u s s i o n  a n d  e x t e n s i o n s  o f  t h e  mo d i f i e d  a p p r o x i ma t i o n s  
 
A n  a l t e r n a t i v e  w a y  o f  a p p r o x i ma t i n g  u *  i n  ( 3 . 3 )  i s  t o  s p l i t  i t  i n t o  
t h e  fo r m 
    ∑= θρ+θρη=θρ
n
1i
),(iSic),(),(*u    (4.1) 
w h e r e  t h e  f u n c t i o n  η  r e p r e s e n t s  t h e  w e l l - b e h a v e d  p a r t  a n d  t h e  
f u n c t i o n s   r e p r e s e n t  t h e  s i n g u l a r  t e r m s  o n l y  i n  t h e  s e r i e s   iS
e x p a n s i o n  ( 3 . 3 ) .   I n  t h i s  c a s e  f e w e r  t e r m s  i n  t h e  s e r i e s  i n  ( 4 . 1 )  
a r e  n e e d e d  t h a n  i n  ( 3 . 3 ) ,  u s u a l l y  o n e  o r  t w o  s i n g u l a r  t e r m s  a r e  
s u f f i c i e n t ,  a n d  t h i s  i s  a d v a n t a g e o u s  i n  s i t u a t i o n s  w h e r e  i t  i s  
d i f f i c u l t  t o  o b t a i n  m o r e  t h a n  o n e  o r  t w o  t e r m s  i n  ( 3 . 3 ) .   T h i s  
approach  was  f i r s t  p roposed  by  Woods  [42]  and  has  been  ex tended  to  
f in i te -d i f fe rence  and  f in i te  e lement  methods  by  Emery  and  Segedin  
[14 ,15 ] ,  Benz l ey  [7 ] .  
 
Both the proposed method and the a l ternat ive Woods approach can   
r e a d i l y  b e  e x t e n d e d  t o  t h e  p a r a b o l i c ,  t i me - d e p e n d e n t ,  c a s e         
s i n c e  t h e  f o r m o f  t h e  b o u n d a r y  s i n g u l a r i t y  d e p e n d s  o n  t h e  s p a c e    
c o - o r d i n a t e s  r a t h e r  t h a n  t h e  t i me  c o - o r d i n a t e .   T h u s  s e e k i n g  a  
s o l u t i o n  i n  t h e  f o r m ( 2 . 1 2 )  o r ,  e q u i v a l e n t l y ,  u s i n g  t h e  e x p o n e n t i a l  
t r a n s f o r ma t i o n  ( 2 . 1 7 )  i n  t i me ,  o n e  f i n d s  t h a t  t h e  t i me - d e p e n d e n t  
f o r m o f  ( 3 . 3 )  c a n  b e  e x p r e s s e d  a s  
   ∑= θρφ+θρφ=θρ
N
1i




1 6 .  
 
and so the above methods can be appl ied with the  being re-evaluated ic
at  each t ime level ,  see  Bel l  and Crank [4-6] .  
 
E q u a t i o n s  o f  h i g h e r  o r d e r  t h a n  ( 1 . 3 )  c o u l d  b e  t r e a t e d  i n  a  s i mi l a r  
w a y  b y  c o n s i d e r i n g  h i g h e r  o r d e r  d i f f e r e n t i a l  r e l a t i o n s  t o  ( 3 . 5 )  a n d  
( 3 . 6 ) .   T h e  b i h a r mo n i c  e q u a t i o n  u s e d  i n  e l a s t i c i t y  p r o b l e ms ,  





















∂=∇   ,    (4 .3)  
can be formulated,  using Southwell 's  s t ress  funct ion formulat ion,        
as  two second order  equat ions and thus the techniques of  sect ion 3   
can be used.   Boundary s ingular i t ies  for  such problems have been 
t reated by Bernal  and Whiteman [8] ,  Zak [43] .   Emery and Segedin [14]  
have given the necessary s ingular  funct ions for  (4 .3) .  
 
The theory of  sect ions 2  and 3 has  been developed for  a  s ingular i ty       
a t  the  point  0  where two s t ra ight  l ine  segments  θ  =  0  and θ  =  w meet   
and would need modification for points involving curved segments unless 
conformal  t ransformations are  f i rs t  used to  t ransform the curved 
segments  to  s t ra ight  l ines .   Unless  this  is  done the curved segments   
wi l l  have to  be approximated by s t ra ight  l ines  (only for  a  short    
d is tance from 0)  or  the  local  analyt ic  form and der ivat ive 
approximations wil l  have to  take into account  the curvature .   A 
par t icular  example of  such curved segments  occurs  a t  the  separat ion 
point  between the f ixed and free  boundaries  in  problems concerning 
seepage through a  dam [1]  and cavi ta t ional  f low past  a  disc  [18] .  
 







UI  ,     (4 .4)  
where Г  represents  par t  of  the boundary and includes the boundary 
s ingular i ty  is  of ten required,  e .g .  for  the evaluat ion of  the f lux             
in  diffusion problems,  Crank and Furzeland [11]  or  for  the measurement  
of  capaci tance in  potent ia l  problems,  Duncan [13] .   Large errors  
17 .  
 
n e a r  t h e  s i n g u l a r i t y  c a n  b e  a v o i d e d  i f  t h e  a n a l y t i c a l  f o r m ( 3 . 3 )       
i s  u s e d  i n  t h e  n u me r i c a l  q u a d r a t u r e  o f  ( 4 . 4 )  n e a r  t h e  s i n g u l a r i t y ,  
s e e  C r a n k  a n d  F u r z e l a n d .  
 
Modified approximations such as (3.12) can be developed by heat  
balance methods,  see  Bel l  and Crank [4-6] ,  or  by the analogous 
i n t e g r a t i o n  me t h o d  o f  V a r g a  [ 3 3 ] .  
 
5  Application of the method to the problem of Motz and Woods 
 
The problem of  Motz [21]  requires  the solut ion of  Laplace 's  equat ion 
i n  a  r e c t a n g l e  w i t h  a  s l i t ,  i . e .  a  r e - e n t r a n t  c o r n e r  o f  i n t e r n a l  
angle  2Π  (see Figure 2) .   I t  has  been t reated by many authors  to  
demons t ra te  the  e f fec t iveness  o f  the i r  s ingu la r i ty  t r ea tments .   
Woods [42]  gave an al ternat ive formulat ion based on the fact  that       
u  -  500 is  ant isymmetr ic  about  the  l ine  BE containing the s l i t  and,    
by imposing the boundary condi t ion u = 500 on EO, only needed to  
c o n s i d e r  t h e  t o p  h a l f  o f  t h e  r e c t a n g l e  ( F i g u r e  3 ) .   I t  i s  i n  t h i s  
form that the problem is treated in the li terature [3,19,22,23,32,35-39]. 
Figure 2      Figure 3 
 
 
Examples  of  such  s ingular i t i es  occur  in  po ten t ia l  p roblems concern ing  
t ransmiss ion  l ines  wi th  micros t r ips ,  Daly  [12] ,  and  in  d i f fus ion  
problems wi th  nar row band type  e lec t rodes ,  Sa i to  [27] .  
18 .  
 
S i n c e  t h e  g o v e r n i n g  L a p l a c i a n  e q u a t i o n  i s  a l r e a d y  i n  t h e  s i mp l e  
f o r m ( 1 . 2 )  w i t h  g  =  f  =  0  t h e r e  i s  n o  n e e d  f o r  a  t r a n s f o r ma t i o n       
o f  co-ord ina tes  o r  unknown func t ion .   For  an  app l ica t ion  o f  the  
method  to  a  problem where  such  a  t ransformat ion  i s  necessary  see  
Crank  and  Furze land  [11]  who t rea t  p roblems of  the  form (2 .21) .       
I n  t h e  Wo o d s  f o r mu l a t i o n  t h e  s i n g u l a r i t y  i s  r e g a r d e d  a s        




∂    ( 5 . 1 )  
ra ther  than  be ing  due  to  the  re -en t ran t  corner  of  2 π  wi th  homogeneous  
Neumann  cond i t ions  on  bo th  a rms .   A  separab le -var iab le             
so lu t ion  o f  the  fo rm (2 .2 )  in  the  po la r  co-ord ina te  fo rm of  Lap lace ' s  




)1i2(cos2/)1i2(ic500u  .   ( 5 . 2 )  
T h e  p r o b l e m o f  F i g u r e  3  i s  s c a l e d  b y  s e t t i n g  
 
( i )    v  =  u  -  5 0 0   ,         ( 5 . 3 )  
( i i )   B  =  ( 1 , 0 )  ;   c  =  ( 1 , 1 )  ;   D  =  ( - 1 , 1 )  ;   E  =  ( - 1 , 0 )   ,   ( 5 . 4 )  
 
and  s t andard  f ive -po in t  f in i t e -d i f fe rence  approx imat ions  a re  used  fo r  
the  d i sc re t i sed  reg ion  o f  F igure  7  wi th  δx  =  δy  =  h  .   To  enab le  
compar i sons  the  cho ice  o f  d i sc re t i sa t ion  fo l lows  tha t  o f  Motz  and  
Woods ,  a l though  th i s  cho ice  resu l t s  in  unequa l  in te rva l s  nea r  the  
edges  and  so  the  d i sc re t i sa t ion  e r ro r  i s  on ly  0 (h)  fo r  these         
po in t s .   For  po in t s  invo lv ing  the  Neumann  boundary  cond i t ion  the  
usua l  cen t ra l  d i f fe rence  approx imat ions  fo r  the  de r iva t ives  a re      
u sed  in  con juc t ion  wi th  f i c t i t ious  po in t s .       F igure  7  compares       
t h e  n u me r i c a l  s o l u t i o n  o b t a i n e d  u s i n g  t h e s e  s t a n d a r d  f i n i t e -
d i f fe rence  approx imat ions  wi th  the  h igh ly  accura te  resu l t s  p roduced  
by  the  conformal  t r ans format ion  method  o f  Papamichae l  and   
Whi teman  [23] .   The  resu l t s  show tha t  a  h igh  degree  o f  inaccuracy  
occurs  nea r  the s ingu la r i ty  and  i l lus t ra te  the  fac t  tha t  inaccurac ies  
sp read  th roughout  the  en t i r e  r eg ion .  
19 .  
 
I n s t e a d  o f  a p p l y i n g  t h e  s t a n d a r d  f i n i t e - d i f f e r e n c e  a p p r o x i ma t i o n s  
th roughout  the  en t i r e  r eg ion ,  a  ne ighbourhood  N(0)  nea r  the    
s ingular i ty  i s  chosen  and ,  for  po in t s  in  N(0)  modi f ied  approximat ions  
a r e  d e v e l o p e d  w h i c h  t a k e  i n t o  a c c o u n t  t h e  n a t u r e  o f  t h e  s i n g u l a r i t y  
g iven  by  (5 .2 ) .   Fo l lowing  sec t ion  3  the  de r iva t ive  approx imat ions    
( 3 . 7 )  a n d  ( 3 . 8 )  w i t h  N  =  3  l e a d  t o  t h e  mo d i f i e d  f i v e - p o i n t  



































  ( 5 . 5 )  
The  approx imate  s i ze  o f  N(0)  can  be  de te rmined  by  no t ing  tha t  the  
d i sc re t i sa t ion  e r ro r  in  the  s t andard  f ive -po in t  approx imat ions  to  
Lap lace ' s  equa t ion  i s  0 (h 2 ) ,  see  (1 .1 ) ,  whereas  i t  i s  eas i ly        
ve r i f i ed  tha t  the  modi f i ed  approx imat ions  based  on  (3 .7 )  and  (3 .8 )  
w i t h  N  =  3  c o n t a i n  a  t r u n c a t i o n  e r r o r  o f  0 (ρ 3 / 2  ) .   T h u s  a p p l i c a t i o n  
o f  the  modi f i ed  approx imat ions  i s  advan tageous  as  long  as  the  
t runca t ion  e r ro r  does  no t  exceed  the  d i sc re t i sa t ion  e r ro r .   An  
approx imate  ru le  i s  then  to  choose  N(0)  such  tha t  the  maximum ρ  
v a l u e  i n  N ( 0 )  ,   s a y ,  i s  s u c h  t h a t   i s  o f  t h e  s a m e  o r d e r  .maxρ 2/3 .maxρ
o f  m a g n i t u d e  a s  h 2 .   P r a c t i c a l  e x p e r i e n c e  s u g g e s t s  t h a t  <  5 h2/3 .maxρ 2  
i s  a  use fu l  gu ide .   In  p rac t i ce  on ly  a  few po in t s  in  N(0)  a re  needed .  
F i v e - p o i n t  ' m o l e c u l e s '  d i f f e r i n g  f r o m  t h a t  g i v e n  i n  F i g u r e  1  a r e  
n e e d e d  f o r  p o i n t s  i n  N ( 0 )  w h i c h  i n v o l v e  t h e  b o u n d a r y .   P o i n t s  t o   
t h e  r i g h t  o f  0  o n  y  =  0  d o  n o t  h a v e  a  p o i n t  a t  t h e  y -δy  l e v e l ,  
n e c e s s i t a t i n g  a  d i f f e r e n t  m o l e c u l e ,  e . g .  F i g u r e  4 .   P o i n t s  t o  t h e  
l e f t  o f  0  o n  y =  δy  i n v o l v e  p o i n t s  o n  y  =  0  f o r  w h i c h  θ  =   .   T h e  π
f a c t  t h a t  θ  =   me a n s  t h a t ,  b y  c o mpa r i n g  ( 5 . 2 )  w i t h  ( 3 . 9 ) ,  e a c h       π
o f  t h e  (ρ ,θ )  a r e  z e r o  a n d  t h u s  s o l u t i o n s  t o  ( 3 . 1 0 )  c a n n o t  b e   iψ
f o u n d .   A  s u g g e s t e d  a l t e r n a t i v e  i s  g i v e n  i n  F i g u r e 5 .  T h e  f i r s t  p o i n t  
o n  t h e  r i g h t  o f  0  o n  y  =  0  i n v o l v e s  b o t h  t h e  a b o v e  p r o b l e ms  a n d  a  
s u g g e s t e d  mo l e c u l e  i s  g i v e n  i n  F i g u r e  6 .   T h e  g e n e r a l  f o r m o f  t h e  
mo d i f i e d  a p p r o x i ma t i o n s  a l l o w s  f o r  a n y  c o mbi n a t i o n  o f  f i v e  
n e i g h b o u r i n g  p o i n t s  p r o v i d e d  π≠θ .  





Refe r r ing  to  F igure  8 ,  the  four  immedia te ly  ne ighbour ing  po in t s  
P 1 ,  P 2 ,  P 3  a n d  P 4  a r o u n d  0  a r e  c h o s e n  f o r  N ( 0 )  s i n c e  h e r e   
 
2/3
.maxρ ≈  0 .26  and h 2  ≈  0 .08 .   This  choice  of  po in ts  i s  s imi la r  to  
that  used by Motz and Woods and enables comparisons to be made 
wi th  the i r  resu l t s .   Modi f ied  approximat ions  of  the  form (3 .12)  
and  (5 .5)  a re  appl ied  a t  po in ts  ins ide  N(0)  us ing  the  sugges ted  
molecules  of  F igures  4-6  where  appropr ia te .   S tandard  f in i te -
d i f fe rence  approximat ions  a re  used  for  po in ts  ou ts ide  N(0) .  The  
results  obtained are  comparable  with those of  Motz and Woods and 
give good agreement  with  the conformal  t ransformation values  of  
Papamichae l  and  Whi teman [23] .  
 
The  va lues  of  the   in  (3 .12)  a re  g iven  in  F igures  9-12  for  the  ie
po in t s  P 1 -  P 4  wi th  h  =  2 /7 .   The  va lues  g iven  have  been  sca led  
so  tha t   =  -4 .0000.  ie
21 .  
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